For what topological spaces X do every pair of self maps of X which commute under composition have a common fixed point? No nontrivial examples of such spaces are known. Since every self map commutes with itself, X does not have this property if X does not have the fixed point property. It is shown that every completely regular Hausdorff space containing an arc does not have this property. In general, the self maps for these spaces are not surjective. The image is the arc. For surjective self maps it is shown that every topological manifold with nonnegative Euler characteristic does not have this property. An earlier counterexample for the closed interval is used in all proofs. This counterexample is due to Huneke.
A topological space X is said to have property CFP2 provided every two self maps which commute under composition have a common fixed point. In [4] Huneke shows that the closed unit interval, /, does not have CFP2. However if one of the two self maps of this interval is open, Joichi and Folkman (see [ö] ) show that commuting self maps of I do have a common fixed point. E. R. Fadell raised the question whether the fixed point property implies CFP2 for simply connected closed topological manifolds. A first negative answer to this question is given by Proposition 1 which says that every topological manifold M does not have CFP2 by virtue of self maps/, g which have the property that f{M)yjg(M)<ZA, an arc in M.
As a result we study surjective maps. Let X have property CFP2S if X has CFP2 for surjective self maps. The main result of this paper (Corollary 1) is that all topological manifolds M with nonnegative Euler characteristic, do not have CFP2S. Huneke [5] first obtained this result for projective spaces over the real and complex fields.
A natural question is whether all manifolds M fail to have CFP2S. For this it is sufficient to know that all manifolds with the fixed point property have positive Euler characteristic.
This result is unknown to the writers.
Another question is whether X has CFP2 for homeomorphisms. The answer is unknown to the writers even for the unit disk.
Our technique of construction is to find a surjective self map /: M->M, homotopic to the identity map, and with fixed point set whose components have invariant and complement invariant neighborhoods (see Theorem 1) . We then use the counterexample to CFP2 for the closed interval locally and in one coordinate to construct the desired maps.
Proposition
A. Let Xbea completely regular Hausdorff space which contains an arc. Then there exist two continuous maps from X onto the arc in X which commute without common fixed points.
Proof. In [4] it is shown that there exist two self maps of [ -1,1], / and g, which commute without common fixed points. Let h be a homeomorphism from the arc in X onto [ -1, l]. Let h be Tietze's extension of h to ßX, the Stone-Cech compactification of X. Then h~l-f-h\ x and h~l-g-h\ x are self maps of X which commute without common fixed points.
Notation (1) f is t-homotopic to the identity map.
(2) / has at most one fixed point. Proof. Projective spaces of odd dimension over the real and complex fields do not have the fixed point property so do not have CFP2S. The other projective spaces do have this property (see [3, pp. 18, 22] ), but also have positive Euler characteristic, so apply Corollary 1.
